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[Bremsstrahlung]

e Bremsstrahlung (= ‘“‘breaking radiation”) (or free-free emission): radiation due to the
acceleration of a charge in the Coulomb field of another charge.

Consider bremsstrahlung radiated from a plasma of temperature 7 and densities n, (cm™)
electrons with charge -e and n, (cm™) ions with charge Ze.

We calculate an important ratio:
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for typical n,<lcm™ and T ~10*-10° K.

Therefore, Coulomb interaction 1s only a perturbation on the thermal motions of the electrons.



A full understanding of this process requires a quantum treatment. However, a classical treatment
1s justified in some regimes, and the formulas so obtained have the correct functional dependence
for most of the physical parameters.

Bremsstrahlung due to the collision of like particles (electron-electron, proton-proton) is zero in
the dipole approximation,

because the dipole moment 1s simply proportional to the center of mass (a constant of motion).
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Approximations:

(1) In electron-ion bremsstrahlung, we can treat the electron as moving in a fixed Coulomb field
of the 1on, since the relative accelerations are inversely proportional to the masses.
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a m.

e l

<10~

(2) A series of small-angle scatterings
(3) Classical calculation => Quantum correction

(4) Non-relativistic => Relativistic



[Emission from single-speed Electrons]

e Small-angle scattering approximation:

The electron moves rapidly enough so that the deviation of its path from a straight line 1s
negligible.
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dipole moment:
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Take Fourier transform of the second derivative of the dipole moment.
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Collision time: the electron would be in close interaction with the ion over a time interval.

T=—
U

For wrt>1,the exponential in the integral oscillates rapidly.

For wt <1 ,the exponential is essentially unity, so we may write
f e

fl(w) =3 27T
0 it or>1

AV if ot <1 where Av is the change of velocity
during the collision.




e Spectrum of the emitted radiation by a single electron:
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Let us now estimate Av . Since the path is almost linear, the change in velocity is predominantly
normal to the path.
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Thus for small angle scatterings, the emission from a single collision is
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e Total spectrum for a medium with ion density =, , electron density n, and for a fixed electron
speed.

- flux of electrons (per unit area per unit time) incident on one ion = n,v
- element of area = 27zbdb

- a good approximation is obtained in low-frequency regimes:
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e Upper limit b, ~v/®

The integral is negligible for 6>b,, ~v/®.



* Lower limits
by the small-angle approximation: Av /v~2Ze* /bmv’> <1 — b__>b\) =Ze* | mv’

min
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by the uncertainty principle: Ax/Ap=h — b >b
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When b >b2) | or Emev2 < Z°Ry (Ry _ r;z;lez =13.6 eV)

min °

a classical description of the scattering process is valid. Then, b__ =5

1
When b <« b oramevz > Z’Ry

min min ?

the uncertainty principle plays an important role. Then, b_. =5

min

e For any regime the exact results are conveniently stated in terms of correction factor or Gaunt
factor. Precise expression of the Gaunt factor comes from QED (Quantum Electrodynamics)
computation.

dwW(®b) = 167w’
dwdVdt 33’ m*v
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Typically g,(v,@)~1to few, Tables and plots are available by Bressaard and van de Hulst (1962)
and Karzas and Latter (1961).



[Thermal Bremsstrahlung Emission]

 We now average the above single-speed expression over a thermal distribution of electron speeds.

3/2 3/2
m —ma? 12 m 12 ,_—1/2 —ma?I2kT , 2
dP:( e j emev/de'a‘Vz(k;j 2/71_ /emev/kT’Ud’U

2kT

At frequency v, the incident velocity must be at least such that 4y < lmvz , because otherwise a
photon of energy sy could not be created. 2

This cutoff in the lower limit of the integration over electron velocities is called a photon
discreteness effect.
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In terms of v=w/(2x), the volume emissivity is
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where 5 the velocity-averaged free-free Gaunt factor.

Summing over all 10n species gives the emissivity:
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Note that main frequency dependence is €7 «< ¢ ™*" which shows a “flat spectrum” with a cut off
q y acp v p

at v ~ kT / h. The spectrum can be used to determine temperature of hot plasma.

For a hydrogen plasma (Z=1) with
T >3%x10° K at low frequencies (hv < kT)
Gaunt factor 1s given by
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Bradt, Astrophysics Processes



- Gaunt Factor

e Karzas & Latter (1961, ApJS, 6, 167):

Note that the values of Gaunt factor for u=hv/kT >1 are not important, since the spectrum cuts

off for these values.
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e Novikov & Thorne (1973, in Black Holes, Les Houches)
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e To obtain the formulas for non thermal bremsstrahlung, one needs to know the actual
distributions of velocities, and the formula for emission from a single-speed electron must be
averaged over that distribution. One also must have the appropriate Gaunt factors.

e Integrated Bremsstrahlung emission per unit volume:
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frequency average of the velocity averaged Gaunt factor: g, =13+0.2



[Thermal Bremsstrahlung (free-free) Absorption]

* Absorption of radiation by free electrons moving in the field of ions:

For thermal system, Kirchoff’s law says:
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Bremsstrahlung self-absorption: The medium becomes always optically thick at sufficiently
small frequency. Therefore, the free-free emission is absorbed inside plasma



Overall Spectral Shape
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Figure from the Lecture Note of J. Poutanen



Astronomical Examples - H Il regions

e The radio spectra of H II regions clearly show the flat spectrum of an optically thin thermal
source. The bright stars in the H II regions emit copiously in the UV and thus 1onize the hydrogen
gas.

e Continuum spectra of two H II regions, W3(A) and W3(OH):

Note a flat thermal bremsstrahlung (radio), a low-frequency cutoft (radio, self absorption), and a
large peak at high frequency (infrared, 10'* —10" Hz) due to heated, but still “cold” dust grains in

the nebula.
Figure from Bradt, Astrophysics Processes

Data from Kruegel & Mezger (1975, A&A, 42,441)
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Astronomical Examples - X-ray emission

e Theoretical spectrum for a plasma of temperature 10’ K that takes into account quantum effects.
Comparison with real spectra from clusters of galaxies allows one to deduce the actual amounts
of different elements and 10nized species in the plasma as well as its temperature. It 1s only in the
present millennium that X-ray spectra taken from satellites (e.g., Chandra and the XMM Newton
satellite) have had sufficient resolution to distinguish these narrow lines The dashed lines show
the effect of X-ray absorption by interstellar gas (Bradt, Astrophysics Processes).
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Astronomical Examples - Supernova Remnants

SNR G346.6-0.2

X-ray spectra of the SNR from three of the four telescopes on-board Suzaku (represented by
green, red and black). The underlying continuum is thermal bremsstrahlung, while the spectral
features are due to elements such as Mg, S, Si, Ca and Fe. The roll over in the spectrum at low
and high energies 1s due to a fall in the detector response, which i1s forward-modeled together
with the spectrum.
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Cooling function
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Figure from the Lecture Note of J. Poutanen



[Relativistic Bremsstrahlung]

* Normally, the ions move rather slowly in comparison to the electrons.

In a frame of reference 1n which electron is initially at rest, the 1on appears to move rapidly
toward the electron. The electrostatic field of the ion appears to the electron to be a pulse of
electromagnetic radiation. This radiation then Compton (or Thompson) scatters off the electron to
produce. Transforming back to the rest frame of the ion (or lab frame) we obtain the
bremsstrahlung emission of the electron.

e In the (primed) electron rest frame, the spectrum of the pulse:

dw’ g (Vo 2 [ o’ (Ze)' (b0’ 2 O R
dA/d ’ — 2b12 2 Kl = 2b’2 2 Kl . o . . . .
W  7TbHTv yv yv Tb e\ yc Ve in the ultrarelativistic limit

In the low-frequency limit, the scattered radiation 1s

dw dw’ 87 e
—:GT . . GT =
dw dA dw

2 4
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Transverse lengths are unchanged, p =5’ ,and @ =yw’(1+ Bcosd’) . The scattering 1s forward-
backward symmetric, we therefore have the averaged relation @ = yw’.
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e For a plasma with a single-speeds
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e For a Maxwell distribution of electrons, a useful approximate expression for the frequency
integrated power 1s given by Novikov & Thorne (1973).

el =14x10"nn,Z°T"g,(1+44x107°T) (ergs™ cm”)

See also Itoh et al. (2000, ApJS, 128, 125), Zekovic (2013, arXiv:1310.5639v1)

* At higher frequencies Klein-Nishina corrections must be used.



[Synchrotron Radiation]

* Particles accelerated by a magnetic field will radiate.

e Cyclotron radiation: For nonrelativistic velocities the radiation is called cyclotron radiation. The
frequency of emission is simply the frequency of gyration in the magnetic field.

e Synchrotron radiation: For extreme relativistic particles the frequency spectrum is much more

complex and can extend to many times the gyration frequency. This radiation 1s known as
synchrotron radiation.



[Total Emitted Power]

e Consider a particle of mass m and charge ¢ moving in a uniform magnetic field, with no electric
field.

2
e Equations of motion: ‘jf = d(y;:C ) _ gv-E=0
dp _ d(ymv) :ngB
dt dt c

The first equation implies that ¥ = constant or equivalently |v| = constant , Therefore, it follows that

Decompose the velocity into v=v, +v, , and take dot product with B.

d
B-(ymﬂ:gvajal:O

dt c a
)de =1 v, XB
dt  ymc

Therefore, v, = constant, and also

|v,| = constant since |v|= constant.

Helical motion: The perpendicular velocity component processes around B. Therefore, the
motion is a combination of the uniform circular motion and the uniform motion along the field.



e Gyrofrequency and gyroradius:

dt®  ymc dt ymc yme
2
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Note that the nonrelativisitic gyrofrequency @y, = 2 s independent of velocity.
mc

e Total emitted power: 4on 4 12
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where ¢ 1s the pitch angle, the angle between magnetic field and velocity.
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For an 1sotropic distribution of velocities, it 1s necessary to average the formula over all angles.
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- Cooling Time

 The energy equation becomes:

Zdy:_P

mc ——

dt

e cooling time: the typical timescale for the electron to loose about of its energy is approximately

. __energy _ yme®  4mme 1 15 years
! coolingrate P o, yB’sinfa yB’sin*a
e for y=10’
Location Typical B 001 cooling length size of object
~ Cleool

Interstellar medium 10°° G 10'° years 10%® cm 10%? cm
Stellar atmosphere 1G 5 days 10" cm 10" cm
Supermassive black hole 10* G 103sec 3107 cm 10" cm
White dwarf 10° G 107" sec 3 mm 1000 km

Neutron star 1012 G 100%sec 3107 cm 10 km




