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Thomson Scattering (Electron Scattering)
• Recall the dipole formula

• Let us consider the process in which a free charged particle (electron) radiates in response to 
an incident electromagnetic wave.

• In non-relativistic case, we may neglect magnetic force.

magnetic/electric force ratio in Lorentz force:

• Consider a monochromatic wave with frequency       and linearly polarized in direction    :

Thus the force on a particle with the charge e is

the acceleration of the electron is

the dipole moment is

90 Radiation f i m  Mmhg Charges 

orbiting in a circle with angular frequency oo, the function j,(r) actually 
contains frequencies not only at wo but also at all harmonics 200, 3w0.. . . 
In the dipole approximation only oo contributes, in the quadrupole ap- 
proximation only 20, contributes, and so on (see problem 3.7). 

3.4 THOMSON SCATIERING (ELECTRON SCATTERING) 

An important application of the dipole formula is to the process in which a 
free charge radiates in response to an incident electromagnetic wave. If the 
charge oscillates at nonrelativistic velocities, u<<c, then we may neglect 
magnetic forces, since E = B for an electromagnetic wave. Thus the force 
due to a linearly polarized wave is 

F = ecEosinwot, (3.34) 

where e is the charge and c is the E-field direction. (See Fig. 3.6.) From Eq. 
(3.34), we have 

mr= ecE,sinw,t. 

In terms of the dipole moment, d =  er, we have 

.. e2Eo 
d =  ~ c sin mot, 

m 

c sin wot, 

Figuw 3.6 Scattering of polarized radktion by a charged parti& 
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• We obtain the time-averaged power per solid angle                               :

Note that the time-averaged incident flux is

The differential cross section,         , for linearly polarized radiation is obtained by

where the quantity      gives a measure of the “size” of the point charge. (Note electrostatic 
potential energy                   ).

For an electron, the classical electron radius has a value                                    .

The total cross section is found by integrating over solid angle.

For an electron, the scattering process is then called Thomson scattering or electron scattering, 
and the Thomson cross section is
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• Note:

The total and differential cross sections are frequency independent.

The scattered radiation is linearly polarized in the plane of the incident polarization vector     and 
the direction of scattering   .

                 : electron scattering is larger than ions by a factor of                                                     .

We have implicitly assumed that electron recoil is negligible. This is only valid for nonrelativistic 
energies. For higher energies, the (quantum-mechanical) Klein-Nishina cross section has to be 
used.

• What is the cross section for scattering of unpolarized radiation?

An unpolarized beam can be regarded as the independent superposition of two linear-polarized 
beams with perpendicular axes.

Let us assume that     = direction of scattered radiation

                                  = direction of incident radiation

Choose

   the first electric field along    , which is in the            plane

   the second one along      orthogonal to this plane and to
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For an electron u = uT = Thomson cross section =0.665 X cm’. The 
above scattering process is then called Thomson scattering or electron 
scattering. 

Note that the total and differential cross sections above are frequency 
independent, so that the scattering is equally effective at all frequencies. 
However, this is really only valid for sufficiently low frequencies, so that a 
classical description is valid. At high frequencies, where the energy of 
emitted photons hv becomes comparable to or larger than m2, then the 
quantum mechanical cross sections must be used; this occurs for X-rays of 
energies hv20.511 MeV for electron scattering (see Chapter 7). Also, for 
sufficiently intense radiation fields the electron moves relativistically; then 
the dipole approximation ceases to be valid. 

We note that the scattered radiation is linearly polarized in the plane of 
the incident polarization vector E and the direction of scattering n. 

It is easy to get the differential cross section for scattering of unpolarized 
radiation by recognizing that an unpolarized beam can be regarded as the 
independent superposition of two linear-polarized beams with perpendicu- 
lar axes. Let us choose one such beam along E , ,  which is in the plane of the 
incident and scattered directions, and the second along c2, perpendicular to 
this plane. (See Fig. 3.7.) Let 0 be the angle between E ,  and n. Note that 
the angle between c2 and n is 7 / 2 .  We also have introduced the angle 
B = n / 2 - 0 ,  which is the angle between the scattered wave and incident 
wave. Now the differential cross section for unpolarized radiation is the 
average of the cross sections for scattering of linear-polarized radiation 
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• Let      = angle between      and    , and note that angle between       and     =        .

                            = angle between the scattered wave and incident wave 

Then, the differential cross section for unpolarized radiation

is the average of the cross sections for scattering of two electric fields.

This depends only on the angle between the incident and scattered directions, as it should for 
unpolarized radiation.

Total cross section:
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Properties of Thomson Scattering
• Forward-backward symmetry: differential cross section is symmetric under               .

• Total cross section of unpolarized incident radiation = total cross section for polarized incident 
radiation. This is because the electron at rest has no preferred direction defined.

• Scattering creates polarization
The scattered intensity is proportional to                 , of which     arises from the incident electric 
field along       and              from the incident electric field along      .

“         ” of the polarization along       will be cancelled out by

the independent polarization along            .

Therefore, the degree of polarization of the scattered wave:

Electron scattering of a completely unpolarized incident wave produces a scattered wave 
with some degree of polarization.
No net polarization along the incident direction             , since, by symmetry, all directions are 
equivalent.

100% polarization perpendicular to the incident direction                 , since the electron’s motion 
is confined to a plane normal to the incident direction.
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Astrophysical Applications of Polarization by Scattering
• Detection of a concentric pattern of polarization vectors in an extended region indicates that the 

light comes via scattering from a central point source.

• Left map shows the IR intensity map at 3.8 um of the Becklin-Neugebauer/Kleinmann-Low 
region of Orion. It is not easy to identify which bright spots correspond to locations of possible 
protostars.

• However, the polarization map singles out only two positions of intrinsic luminosity: IRc2 (now 
known to be an intense protostellar wind) and BN (suspected to be a relatively high-mass star)

• All the other bright spots (IRc3 through 7) correspond to IR reflection nebulae.
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Werner et al. (1983, ApJL, 265, L13)
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Radiation from Harmonically Bound Particles
• Thomson Model of an Atom: Electrons have equilibrium positions in an atom like raisins in a 

raisin pudding. When perturbed slightly away from this state, they will vibrate about their 
equilibrium positions like a harmonic oscillator, with a characteristic frequency.

• Undriven Harmonically Bound Particles (free oscillator)

The electron oscillation in a Thomson atom can be viewed as a classical oscillating dipole. Since 
an oscillating electron represents a continuously accelerating charge, the electron will radiate 
energy. Then, the radiative loss rate of energy, averaged over one cycle of the oscillating dipole 
will be

where

The period    and frequency      of the oscillator is related by                  .

Here, we note that     and     are        out of phase. Then,
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• Abraham-Lorentz formula: We can identify the radiation reaction force (the damping of a 
charge’s motion which arises because of the emission of radiation) by noting that

This formula depends on the derivative of acceleration. This increases the degree of the equation 
of motion of a particle and can lead to some nonphysical behavior if not used properly and 
consistently.

For a simple harmonic oscillator with a frequency     , we can avoid the difficulty by using

This is a good assumption as long as the energy is to be radiated on a time scale that is long 
compared to the period of oscillation. In this regime, radiation reaction may be considered as a 
perturbation on the particle’s motion. We then rewrite the radiation reaction force as

(a) condition for the approximation:

In this limit, radiation damping has a well-defined notion.

:      damping constant

:      Abraham-Lorentz formula

Note
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(b) condition for the approximation:

T = the time interval over which the kinetic energy of the particle is changed substantially by the 
emission of radiation:

     = the typical orbital time scale for the particle:

Then, the condition becomes

where                                                   

is the time for radiation to cross a distance comparable to the classical electron radius.

In terms of frequency of the oscillator, this condition is equivalent to:

In terms of wavelength of the oscillator,

Therefore, in most cases, the approximation is valid.
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• Equation of motion of the electron in a Thomson atom, including the radiation damping force, is

This equation may be solved by assuming that                   .

Assuming initial conditions

we have

• Power spectrum:

This becomes large in the vicinity of               and                 .

We are ultimately interested only in positive frequencies, and only in regions in which the values 
become large. Therefore, we obtain
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Recall

Energy radiated per unit frequency:

For a harmonic oscillator, note that the equation of motion is                                   , spring 
constant is                 , and  the potential energy (energy stored in spring) is                .

From

Total emitted energy = initial potential energy of the oscillator:

Profile of the emitted spectrum:
Lorentz (natural) profile
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Damping constant is the full width at half maximum (FWHM).

The line width                 is a universal constant when expressed in terms of wavelength:

98 Radiotion fmm Moving Charges 

dW 
dW 

f 

WO 

Figme 3.8 
damped by mdiation neaction. 

Power spctmm for M tutdnmn, hrmonieally b o u n d  pnrtiele 

Equation (3.53) gives the frequency spectrum typical of a “decaying 
oscillator.” Note that this has a sharp maximum in the neighborhood of 
a = wo, since I’/wo< 1.  This is illustrated in Fig. 3.8, where it is seen that r 
is the full width at half maximum (FWHM). 

Using the definition of I‘ and k=mwi=spring constant, we can write 
Eq. (3.53) in the form 

dW 1 - 1 2 ~  
- =(;kx;) 
dw (w - wo)2  + (r12)~ 

(3.54) 

The first factor gives the initial potential energy of the particle (energy 
stored in spring). The second factor gives the distribution of the radiated 
energy over frequency. The integral over w can be performed easily, if we 
note that the range of integration can be taken as infinite, since the 
function is confined essentially to a small region about wo: 

W dw=-tan-’[  I 2(w-oo) ] = l .  

- w  
7r 

Thus we find that 

(3.55) 

is the total emitted energy, as it should by conservation of energy. 

    

Note
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• Driven Harmonically Bound Particles (forced oscillators)

Electron’s equation of motion

Steady-state solution of this equation:

The response is slightly out of phase with respect to the imposed field.

For             , the particle “leads” the driving force and for               it “lags.”

Time-averaged total power radiated:

Rybicki & Lightman use the following equation.
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• Scattering cross section:

• Some Limiting Cases of Interest

(a)                (Thomson scattering by free electron)

At high incident energies, the binding becomes negligible.

(b)                (Rayleigh scattering by bound electron)

The electric filed appears nearly static and produces a nearly static force.

Blue color of the sky at sunrise:

Red color of the sun at sunset: when the path through the atmosphere is longer, the blue and green 
components are removed almost completely leaving the longer wavelength orange and red
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(c)               (Resonance scattering of line radiation)

In the neighborhood of the resonance, the shape of the scattering cross section is the same as the 
emission from the free oscillator.

Total scattering cross section:

In evaluating this integral, we have apparently neglected a divergence, since the cross section 
approaches       for large     .

However, note that the approximate formula for radiation reaction is only valid for                 . 
Therefore, we must cut off the integral at a            such that                              .

Note
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We also note that the contribution to the integral from the constant Thomson limit is less than

The contribution is therefore negligible.

In the quantum theory of spectral lines,

we obtain similar formulas, which are

conveniently stated in terms of the classical results as

where          is called the oscillator strength or f-value for the transition between states n and n’.

Classical radiation
reaction invalid

1713년 9월 30일 월요일



Resonance Lines

88 CHAPTER 9

Ca will be in the form of Ca III, which is unobservable. But from the Ca I/Ca II
the ionization conditions can be characterized, and the amount of Ca III estimated,
allowing the total gas-phase column density of Ca to be estimated. Unfortunately,
an unknown (but usually large) fraction of the Ca is generally locked up in dust
grains (this will be discussed in Chapter 23), and therefore from the Ca I and Ca II
observations alone, one cannot reliably estimate the total amount of H associated
with the observed Ca II absorption.

Another interesting case is Ti, where Ti I and Ti II, the two dominant ion stages
for Ti in an H I cloud, both have resonance lines in the optical, allowing the total
column of gas-phase Ti to be determined from ground-based observations. How-
ever, Ti also shares with Ca the problem that a large, but unknown, fraction of the
Ti is generally locked up in dust.

Most of the abundant atoms and ions, with a few exceptions (e.g., He, Ne, O II)
have permitted absorption lines in the vacuum ultraviolet with wavelengths long-
ward of 912 Å so that they will not photoionize hydrogen. Table 9.4 lists selected
resonance lines with 912 Å < λ < 3000 Å.

Table 9.4 Selected Resonance Linesa with λ < 3000 Å

Configurations ! u E!/hc( cm−1) λvac( Å) f!u
C IV 1s22s− 1s22p 2S1/2

2P o
1/2 0 1550.772 0.0962

2S1/2
2P o

3/2 0 1548.202 0.190
N V 1s22s− 1s22p 2S1/2

2P o
1/2 0 1242.804 0.0780

2S1/2
2P o

3/2 0 1242.821 0.156
O VI 1s22s− 1s22p 2S1/2

2P o
1/2 0 1037.613 0.066

2S1/2
2P o

3/2 0 1037.921 0.133

C III 2s2 − 2s2p 1S0
1P o

1 0 977.02 0.7586
C II 2s22p− 2s2p2 2P o

1/2
2D o

3/2 0 1334.532 0.127
2P o

3/2
2D o

5/2 63.42 1335.708 0.114
N III 2s22p− 2s2p2 2P o

1/2
2D o

3/2 0 989.790 0.123
2P o

3/2
2D o

5/2 174.4 991.577 0.110

C I 2s22p2 − 2s22p3s 3P0
3P o

1 0 1656.928 0.140
3P1

3P o
2 16.40 1656.267 0.0588

3P2
3P o

2 43.40 1657.008 0.104
N II 2s22p2 − 2s2p3 3P0

3D o
1 0 1083.990 0.115

3P1
3D o

2 48.7 1084.580 0.0861
3P2

3D o
3 130.8 1085.701 0.0957

N I 2s22p3 − 2s22p23s 4S o
3/2

4P5/2 0 1199.550 0.130
4S o

3/2
4P3/2 0 1200.223 0.0862

O I 2s22p4 − 2s22p33s 3P2
3S o

1 0 1302.168 0.0520
3P1

3S o
1 158.265 1304.858 0.0518

3P0
3S o

1 226.977 1306.029 0.0519
Mg II 2p63s− 2p63p 2S1/2

2P o
1/2 0 2803.531 0.303

2S1/2
2P o

3/2 0 2796.352 0.608
Al III 2p63s− 2p63p 2S1/2

2P o
1/2 0 1862.790 0.277

2S1/2
2P o

3/2 0 1854.716 0.557
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Table 9.4 contd.

Configurations ! u E!/hc ( cm−1) λvac( Å) f!u
Mg I 2p63s2 − 2p63s3p 1S0

1P o
1 0 2852.964 1.80

Al II 2p63s2 − 2p63s3p 1S0
1P o

1 0 1670.787 1.83
Si III 2p63s2 − 2p63s3p 1S0

1P o
1 0 1206.51 1.67

P IV 2p63s2 − 2p63s3p 1S0
1P o

1 0 950.655 1.60
Si II 3s23p− 3s24s 2P o

1/2
2S1/2 0 1526.72 0.133

2P o
3/2

2S1/2 287.24 1533.45 0.133
P III 3s23p− 3s3p2 2P o

1/2
2D3/2 0 1334.808 0.029

2P o
3/2

2D5/2 559.14 1344.327 0.026

Si I 3s23p2 − 3s23p4s 3P0
3P o

1 0 2515.08 0.17
3P1

3P o
2 77.115 2507.652 0.0732

3P2
3P o

2 223.157 2516.870 0.115
P II 3s23p2 − 3s3p3 3P0

3P o
1 0 1301.87 0.038

3P1
3P o

2 164.9 1305.48 0.016
3P2

3P o
2 469.12 1310.70 0.115

S III 3s23p2 − 3s3p3 3P0
3D o

1 0 1190.206 0.61
3P1

3D o
2 298.69 1194.061 0.46

3P2
3D o

3 833.08 1200.07 0.51
Cl IV 3s23p2 − 3s3p3 3P0

3D o
1 0 973.21 0.55

3P1
3D o

2 492.0 977.56 0.41
3P2

3D o
3 1341.9 984.95 0.47

P I 3s23p3 − 3s23p24s 4S o
3/2

4P5/2 0 1774.951 0.154
S II 3s23p3 − 3s23p24s 4S o

3/2
4P5/2 0 1259.518 0.12

Cl III 3s23p3 − 3s23p24s 4S o
3/2

4P5/2 0 1015.019 0.58

S I 3s23p4 − 3s23p34s 3P2
3S o

1 0 1807.311 0.11
3P1

3S o
1 396.055 1820.343 0.11

3P0
3S o

1 573.640 1826.245 0.11
Cl II 3s23p4 − 3s3p5 3P2

3P o
2 0 1071.036 0.014

3P1
3P o

2 696.00 1079.080 0.00793
3P0

3P o
1 996.47 1075.230 0.019

Cl I 3s23p5 − 3s23p44s 2P o
3/2

2P3/2 0 1347.240 0.114
2P o

1/2
2P3/2 882.352 1351.657 0.0885

Ar II 3s23p5 − 3s3p6 2P o
3/2

2S1/2 0 919.781 0.0089
2P o

1/2
2S1/2 1431.583 932.054 0.0087

Ar I 3p6 − 3p54s 1S0
2[1/2] o 0 1048.220 0.25

a Transition data from NIST Atomic Spectra Database v4.0.0 (Ralchenko et al. 2010)

Note that the ultraviolet resonance lines allow detection of many different ioniza-
tion stages of a given element: a prime example is carbon, which can be detected
as C I, C II, C III, or C IV. On the other hand, λ > 912 Å ultraviolet absorption
spectroscopy cannot detect neon at all, while oxygen can be detected via permitted
ultraviolet absorption lines only if either neutral or 5-times ionized.

Draine, Physics of the interstellar and intergalactic medium
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P Cygni Profile
• The PCygni profile is characterized by strong emission lines with corresponding blueshifted 

absorption line.
L126 X-RAY P CYGNI LINES FROM CIRCINUS X-1 Vol. 544

Fig. 3.—Velocity spectra showing the details of a few of the strongest
X-ray P Cygni profiles seen from Cir X-1. We show the independent mea-
surements of the Si xiv line from both the HEG positive first-order spectra
and the MEG negative third-order spectra. Typical bins in this figure have
200–1200 counts, and these spectra have not been smoothed. We list the
relevant velocity resolution in each panel. The lines are clearly broader than
the instrumental resolution with velocities of !2000 km s , although the!1

Fe xxv line is broadened by the instrument. We have taken zero velocity to
correspond to the laboratory rest wavelength since the radial velocity of
Cir X-1 is not well established (Johnston et al. 1999; H. M. Johnston 2000,
private communication).

moderate-temperature (∼ K) region where atomic heat-65# 10
ing and cooling processes dominate over Compton processes.
Significant line emission is expected from this region, and in
fact most of the lines we list in Table 1 are those predicted to
be strong by Raymond (1993). Thus, our favored interpretation
for the observed X-ray P Cygni profiles is that they arise in the
intermediate-temperature region of the wind from an accretion
disk viewed in a relatively edge-on manner. Cir X-1 then be-
comes an X-ray binary analog of a broad absorption line quasar.
At smaller radii, the wind and the coronal material are likely to
be heated to the Compton temperature and thus completely ion-
ized. An appealing physical possibility is that the electron scat-
terer discussed in § 4.1 of Brandt et al. (1996) is just thismaterial.
Similar highly ionized gas has been invoked in some models for
broad absorption line quasars (e.g., the “hitchhiking gas” ofMur-
ray et al. 1995).

Despite the general attractiveness of the above picture,
we must note a potential difficulty: for a launching radius
with , the quantity #"v ≈ v N p n dr p n∫H, launch r launcht esc launch

cm is so large that the implied column density25 !2r ! 10launch
through the wind is optically thick to electron scattering [here
we assume that the wind has a radial extent much greater than

and that ]. Most line photons at-2r n p n (r /r)launch launch launch
tempting to traverse the wind would then be Compton-scattered
out of the line. Shielding of the wind from the full X-ray con-
tinuum may alleviate this problem by allowing a significant re-
duction in (see Begelman & McKee 1983). Alternatively,n launch
increasing helps because whenwe require!1r N ∝ rlaunch H, launch launch
that ergs cm s and thus that #!1 2y " 1000 n ! L/(rlaunch launch
1000 ergs cm s!1). In this case, significant radiation pressure
driving may be needed since ; cannot be muchv 1 v rlauncht esc
greater than 106 km since the disk probably has an outer radius
" km (see Fig. 3 of Tauris et al. 1999). Finally, clumping63# 10
of the wind might also help because when clumping is present,

, where f is the volume filling factor. We note that2y p Lf/nr
Iaria et al. (2000) have recently found evidence for a large ionized
column density (∼1024 cm ) along the line of sight, even when!2

Cir X-1 is radiating at high luminosity; this material may be the
same that makes the P Cygni lines. We are presently examining
these issues in further detail.
While we cannot rigorously rule out the possibility that the

X-ray P Cygni lines arise in a wind from the companion star,
we consider this unlikely. First of all, the large wind velocity
(!2000 km s ) implied by the profiles would require a high-!1

mass secondary for the system (for an overview, see § 2.7 of
Lamers & Cassinelli 1999), provided the presence of the ra-
diating compact object does not lead to a substantially faster
wind from the companion than would otherwise be expected.
However, as mentioned in § 1, the bulk of the evidence suggests
a low-mass X-ray binary nature. Furthermore, the large X-ray
luminosity of Cir X-1 should completely ionize an O star wind
out to! km (compare with Boroson et al. 1999), while65# 10
the observed P Cygni profiles suggest that we are seeing the
acceleration region of the outflow.
To our knowledge, these are the first reported X-ray P Cygni

profiles from an X-ray binary. Hopefully X-ray P Cygni profiles
will be identified and studied in other systems to provide geo-
metrical and physical insight into the flows of material near
Galactic compact objects.
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enormous efforts, and we thank J. Chiang, A. C. Fabian, S. C.
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support of CXC grant GO0-1041X (W. N. B. and N. S. S.),
the Alfred P. Sloan Foundation (W. N. B.), and Smithsonian
Astrophysical Observatory contract SV1-61010 for the CXC
(N. S. S.).
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P Cygni profile formation
• The blueshifted absorption line is produced by material moving away from the star and toward 

us, whereas the emission come from other parts of the expanding shell.

Figures from Joachim Puls
slightly modified

-vmax -vmax

+ =

0vmax 0vmax

11

0vmax

1

absorption emission P Cygni profile

A B C

C

B

A

OBSERVER

star

wind
photons

2013년 9월 30일 월요일



Lyα Resonance Scattering

400 A. Verhamme et al.: 3D Lyα radiation transfer. I.

Fig. 1. Predicted emergent Lyα profiles for monochromatic line radia-
tion emitted in a dust-free slab of different optical depths (solid lines)
compared with analytic solutions from Neufeld (1990, dashed). The
dotted blue curve shows the line profile obtained using a frequency
redistribution function, which skips a large number of resonant core
scatterings. The adopted conditions of the medium are: T = 10 K (i.e.
a = 1.5 × 10−2) and τ0 = 104, 105, 106 from top to bottom. The green
long-dashed curve, obtained with a dipolar angular redistribution, over-
laps perfectly the black solid line obtained with the isotropic angular
redistribution function, illustrating the fact that in static media, isotropy
is a very good approximation.

is composed of an absorption cross-section σa, and a scattering
cross-section σs

σd = σa + σs (10)

where σa,s = π d2 Qa,s, with d the typical dust grain size that will
affect Lyα photons, and Qa,s the absorption/scattering efficiency.
At UV wavelengths the two processes are equally likely, Qa ≈
Qs ≈ 1, so the dust albedo A = Qs/(Qa + Qs) is around 0.5: half
of the photons interacting with dust will be lost, and half will be
re-emitted in the Lyα line.

We assume that the dust density nd is proportional to the neu-
tral H density in each cell

nd = nH ×
mH

md

Md

MH
, (11)

where md is the grain mass and mH the proton mass. The relevant
quantity, τd given just below, is described by one free parameter,
the dust to gas ratio Md

MH
assuming d = 10−6 cm and md = 3 ×

10−17 g. The total (absorption + scattering) dust optical depth
seen by a Lyα photon is then:

τd = τa + τs =

∫ s

0
σd nd(s) ds. (12)

The relation between the dust absorption optical depth at
Lyα wavelength τa = (1 − A)τd and the colour excess EB−V is
given by

EB−V = 1.086
AV

A1216 R
τa ≈ (0.06 . . .0.11) τa (13)

where AV and A1216 is the extinction in the V band and at 1216 Å,
and R the total-to-selective extinction. The lower numerical
value corresponds to a Calzetti et al. (2000) attenuation law for
starbursts, the higher to the Galactic extinction law from Seaton
(1979).

2.4. Monte Carlo radiation transfer

For each photon source we emit photons one by one and follow
each photon until escape from our simulation box or absorption
by dust. Let us now describe one photon’s travel.

2.4.1. Initial emission

The emission of a photon is characterised by an emission fre-
quency and direction. The frequency ν (here in the “external”,
i.e. observer’s frame) samples the source spectrum usually rep-
resenting the Lyα line emission and/or UV continuum photons.
For media with constant temperature, ν or more precisely the
emission frequency shift from the line centre, is conveniently
expressed in Doppler units, i.e. x = (ν − ν0)/∆νD (cf. Eq. (4)).

We assume that the source emission is isotropic (in the local
co-moving frame, if the considered geometry is not static). Thus
the emission direction, described by the two angles θ and φ, is
randomly selected from

θ = cos−1(2 ξ1 − 1) (14)
φ = 2 π ξ2 (15)

where ξ1,2 are random numbers1, 0 ≤ ξ1,2 < 1. The photon trav-
els in this direction until it undergoes an interaction. In moving
media, the photon frequency in the external frame is evaluated
by a Lorentz transformation.

2.4.2. Location of interaction

The location of interaction is determined as follows. The optical
depth, τint, that the photon will travel is determined by sampling
the interaction probability distribution P(τ) = 1 − e−τ by setting

τint = − ln(1 − ξ) (16)

where ξ is another random number.
We sum the optical depth τ along the photon path s

τ(s) = τx(s) + τd(s), (17)

and we determine the length s corresponding to τ(s) = τint. We
calculate the coordinates corresponding to a trip of length s in
the direction (θ, φ) starting from the emission point. This is the
location of interaction. Now, we have to compute whether the
Lyα photon interacts with a dust grain or a hydrogen atom.

2.4.3. Interaction with H or dust?

The probability of being scattered by a hydrogen atom is
given by

PH(x) =
nHσH(x)

nHσH(x) + ndσd
, (18)

where σH(x) = f12
π e2

me c∆νD
H(x, a) is the hydrogen cross section

for a Lyα photon of frequency x. We generate a random num-
ber 0 ≤ ξ < 1 and compare it to PH: if ξ < PH, the photon
interacts with H, otherwise it is scattered or absorbed by dust.

1 The random numbers generator used in the code is the ran function
from Numerical Recipies in Fortran 90 (Chap. B7, p. 1142).

Verhamme et al. (2006, A&A, 460, 397)
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(a) FDF-5215 (b) FDF-7539

Fig. 7. Comparison of the observed Lyα lines (solid line) of FDF-5215 and FDF-7539 and the best-fit theoretical models (dotted line). The dashed
line indicates the noise level of the observed spectrum.

Table 4. The derived fit parameters of the finite-element calculations.
The velocity dispersion of the emission region vdis(core), the velocity
dispersion of the shell vdis(shell), the HI column density of the shell
NHI, and the outflow velocity of the shell voutflow are given.

ID vdis(core) vdis(shell) NHI voutflow

[km s−1] [km s−1] [cm−2] [km s−1]
4691 600 60 4 ×1017 12
5215 500 125 <2 × 1016 125
7539 1140 190 2.5 ×1016 190

profile. But the models differ with respect to the radiative trans-
fer in the absorption component. The absorption component of
the finite element calculations re-emits the photons. The re-
emitted photons are redistributed in frequency space, leading,
e.g., to two emission peaks. The model with Gauss emission
and Voigt absorption assumes that all absorbed photons are lost.
They are either absorbed by dust or absorbed by extended neutral
clouds, which distribute the photons in physical space and there-
fore have surface brightnesses that are too low to be detected
(Kunth et al. 1998). The assumption that all absorbed photons
are lost may not be valid for high-redshift galaxies, where the
absorbing HI region is compact with respect to the slit width,
and the dust content within the HI region is expected to be low.
The line fitting of the Lyα absorption component using Voigt
absorption profiles will lead to an underestimate of the true hy-
drogen column density (see also Verhamme et al. 2006).

5. Discussion

5.1. Lyα profiles

Meinköhn & Richling (2002) and Ahn et al. (2003) modelled
Lyα profiles assuming an expanding neutral shell surrounding
the Lyα emission region. If the shell is static, the profile shows
two emission peaks with the same flux, blueshifted and red-
shifted with respect to the systemic redshift. The flux of the blue
peak is decreased, if the expansion velocity is increased. If the
expansion velocity is sufficiently high, the blueshifted secondary

peak disappears. Ahn et al. (2003), Ahn (2004), and Verhamme
et al. (2006) show, that the red wing of the Lyα profile gets more
flux. This is caused by Lyα photons, which are backscattered
from the far side (from an observers point of view) of the ex-
panding shell, which recedes from an observer. In this case an
asymmetric profile is observed, which can show a secondary
emission component redshifted with respect to the main emis-
sion component. Therefore, the model of an expanding neutral
shell surrounding a Lyα emitting region can quantitativly repro-
duce the asymmetric profiles (see also Dawson et al. 2002) and
the symmetric profiles. A parameter that determines the mor-
phology of the emission profile is the expansion velocity of the
neutral shell. By a given neutral column density and velocity dis-
persion of the neutral shell, a low expansion velocity will lead to
a double-peaked Lyα profile, while a higher expansion velocity
would lead to an asymmetric profile. The fact that asymmetric
profiles in most cases are observed seems to indicate that the
galaxies show an outflow of interstellar HI. At a redshift of z = 3
the mean transmission of the IGM is T = 0.7 (Songaila 2004).
Therefore, we expect that the observed fraction of double-peak
profiles at a redshift of z = 3 is not significantly changed by ab-
sorption of the blue part of the profile of the IGM. Most profiles
of Lyα emission lines in the literature are asymmetric. However,
double-peaked profiles are only observable if the signal-to-noise
ratio and the spectral resolution of the spectrum is sufficiently
high. A significant number of spectra with high SNR and res-
olution have only been observed for LAEs at z > 5, where
the absorption of the intergalactic medium is severe (T < 0.2,
Songaila 2004). At this redshift a double-peak profile would not
be observed, since the blue peak would be absorped by the IGM.
So far, double-peaked Lyα profiles have been observed only at
redshift z ≈ 3 (Fosbury et al. 2003; Christensen et al. 2004;
Venemans et al. 2005).

5.2. The strength of the Lyα emission in high-redshift
galaxies

We find no indication of AGN activity in our sample (Sect. 3). In
the following we assume that the Lyα emission lines are caused

Comparizon of the observed Lyα lines (solid lines) and the 
best-fit theoretical models. The dashed line indicates the 
noise level of the observed spectrum.
Tapken et al. (2007, A&A, 467, 63)
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Fig. 7. Comparison of the observed Lyα lines (solid line) of FDF-5215 and FDF-7539 and the best-fit theoretical models (dotted line). The dashed
line indicates the noise level of the observed spectrum.

Table 4. The derived fit parameters of the finite-element calculations.
The velocity dispersion of the emission region vdis(core), the velocity
dispersion of the shell vdis(shell), the HI column density of the shell
NHI, and the outflow velocity of the shell voutflow are given.

ID vdis(core) vdis(shell) NHI voutflow

[km s−1] [km s−1] [cm−2] [km s−1]
4691 600 60 4 ×1017 12
5215 500 125 <2 × 1016 125
7539 1140 190 2.5 ×1016 190

profile. But the models differ with respect to the radiative trans-
fer in the absorption component. The absorption component of
the finite element calculations re-emits the photons. The re-
emitted photons are redistributed in frequency space, leading,
e.g., to two emission peaks. The model with Gauss emission
and Voigt absorption assumes that all absorbed photons are lost.
They are either absorbed by dust or absorbed by extended neutral
clouds, which distribute the photons in physical space and there-
fore have surface brightnesses that are too low to be detected
(Kunth et al. 1998). The assumption that all absorbed photons
are lost may not be valid for high-redshift galaxies, where the
absorbing HI region is compact with respect to the slit width,
and the dust content within the HI region is expected to be low.
The line fitting of the Lyα absorption component using Voigt
absorption profiles will lead to an underestimate of the true hy-
drogen column density (see also Verhamme et al. 2006).

5. Discussion

5.1. Lyα profiles

Meinköhn & Richling (2002) and Ahn et al. (2003) modelled
Lyα profiles assuming an expanding neutral shell surrounding
the Lyα emission region. If the shell is static, the profile shows
two emission peaks with the same flux, blueshifted and red-
shifted with respect to the systemic redshift. The flux of the blue
peak is decreased, if the expansion velocity is increased. If the
expansion velocity is sufficiently high, the blueshifted secondary

peak disappears. Ahn et al. (2003), Ahn (2004), and Verhamme
et al. (2006) show, that the red wing of the Lyα profile gets more
flux. This is caused by Lyα photons, which are backscattered
from the far side (from an observers point of view) of the ex-
panding shell, which recedes from an observer. In this case an
asymmetric profile is observed, which can show a secondary
emission component redshifted with respect to the main emis-
sion component. Therefore, the model of an expanding neutral
shell surrounding a Lyα emitting region can quantitativly repro-
duce the asymmetric profiles (see also Dawson et al. 2002) and
the symmetric profiles. A parameter that determines the mor-
phology of the emission profile is the expansion velocity of the
neutral shell. By a given neutral column density and velocity dis-
persion of the neutral shell, a low expansion velocity will lead to
a double-peaked Lyα profile, while a higher expansion velocity
would lead to an asymmetric profile. The fact that asymmetric
profiles in most cases are observed seems to indicate that the
galaxies show an outflow of interstellar HI. At a redshift of z = 3
the mean transmission of the IGM is T = 0.7 (Songaila 2004).
Therefore, we expect that the observed fraction of double-peak
profiles at a redshift of z = 3 is not significantly changed by ab-
sorption of the blue part of the profile of the IGM. Most profiles
of Lyα emission lines in the literature are asymmetric. However,
double-peaked profiles are only observable if the signal-to-noise
ratio and the spectral resolution of the spectrum is sufficiently
high. A significant number of spectra with high SNR and res-
olution have only been observed for LAEs at z > 5, where
the absorption of the intergalactic medium is severe (T < 0.2,
Songaila 2004). At this redshift a double-peak profile would not
be observed, since the blue peak would be absorped by the IGM.
So far, double-peaked Lyα profiles have been observed only at
redshift z ≈ 3 (Fosbury et al. 2003; Christensen et al. 2004;
Venemans et al. 2005).

5.2. The strength of the Lyα emission in high-redshift
galaxies

We find no indication of AGN activity in our sample (Sect. 3). In
the following we assume that the Lyα emission lines are caused

z
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Homework
• Solve the problem 3.2 for the cyclotron or gyro radiation (nonrelativistic  version of the 

synchrotron radiation)
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