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More about Intensity, Flux




Intensity and Flux

e Consider a ray propagating in the direction (2 and an area

AN

element dS normal to Q.

e Intensity is the energy crossing a unit area normal to the ray
direction per unit time per unit frequency per solid angle.

,__dB,
Y T dSdtdQdy

* Flux 1s the energy crossing a unit area normal to a given
orientation n per unit time per unit frequency, integrated
over all solid angle.

The contribution of the ray with a propagation direction ¢ to
the flux 1s
~ 1,dSdtdQdv

15, (9)
F, = Q0 — Q = I, cos 0dS)
d dAdtdds” dAdiddy ° O

Then, the flux is given by integrating over all solid angle

F, :/L, cos 6dS)

A

dS = dAcos@




Constancy of Specific Intensity in Free Space

e (Consider a bundle of rays and two points along the rays.
Energy going out of “point 1”” toward “point 2”: dE, = I,dS;dtdQ,dv
Energy coming into “point 2 from “point 1”: dEs; = I2dSydtdQsdy

e Because energy is conserved:

dlb, = dE>
Ildsldﬂldtdy = IQdSQdQthdV

Since dQ, = dS,/R?, dQ, =dS:/R* , weobtain I =1, .
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Pressure flux

e Consider the z-component of the energy flow passing through the area 44 normal to z.
dsS

cos 6
z-component of the energy flow = (IQ) - z dQdSdtdy = I cos 0 dQ(dA cos 0)dtdy

areanormalto z: dA=

® Pressure flux = the flux of z-component of the energy flow passing through 44 :

1
P, = —/IV cos? 0dS)




Radiation from Moving Charges




Potentials of a single moving charge (the Lienard-Wiechart potentials)

e Retarded potentials:
¢(P, ) /d3 /p( t) A(I’,t) 1 /d3 /-]( t)

r— 1’|’ c r — 1’|

v —r'|

' =t =t —
C

e [t 1is convenient to rewrite the equations as integrals over 4D spacetime:

/d3 ’/dt |r_r,‘ 6(t' —t+|r—1'|/c)

e Consider a particle of charge g that moves along a trajectory r = ro(t). Its velocity is
then u(t) = ro(?) . The charge and current densities are given by

p(r,t) = qo(r —ro(t)),  j(r,t) = qu(#)d(r —ro(?))

e Then, the potentials become

o) = g / - _‘ff'(t,),é(t’ e r(t)/o)

r — rof t’




Note on the Dirac delta function.

o d(r—rg) =06(x —x0)d(y — y0)d(z — 20)

. /f(az)é(:c — x9)dxr = f(xg) if zg is not a function of .

° ))dx = /f —  y=g(a)
/ dg/d:l? dy = (dg/dx")dx’
dg/d:l:‘w (dg/dx’")

where x; are roots of the equation y = g(z) =0




e Let’s define

e We then have /
oe.t) = 0 [ dl =t + R/
Afrt) =1 / “ggj‘itla(t’—wzz(t’)/c)

e Change of variables:

1 .
"=t —t+R({t)/c — dt'"= [1 + —R(t’)] dt’
C

Rit) =~ +ult)
n(t) = ;}g; R(t') = —n(t) - u(t)
dt" = |1 — %n(t’)-u(t’) dt’
1




The Lienard-Wiechart Potential

o) =a [

A(r,t) = %/

The equations then becomes by setting

dt//
R(EVR(1
dt"u(t’

(
K()R(t)

/) 5(t//)

5({;//)

r

\_

B q
o(r,t) = k(tror) R(trot)
A(r’ t) B 1 qll(tret)

~N

B C /{(tret)R(tret) y

t"'=0 — t' =t =t— R(tret)/c

Liénard — Wiechart potentials

(Elofu=-Hl52E)

(French-German)

 Beaming effect: The factor x(t.et) = 1 — n(twet) - u(tier)/c becomes very important at
velocities close to the speed of light, where, it tends to concentrate the potentials into a
narrow cone about the particle velocity.

e Retardation makes it possible for a particle to radiate: In static case, differentiation of
the 1/r potential to find the fields gives a 1/r* decrease. However, the implicit
dependence of the retarded time on position gives 1/r behavior of the fields. This allows
radiation energy to flow to infinite distances.
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Electromagnetic Fields

* Then, the electromagnetic fields 1s obtained (see Jackson 14.1):

 Note E, B and n form a right-handed triad of mutually perpendicular vectors, and
that |E| = |B| . These properties are consistent with the solutions of the source-free

Maxwell equations.

g velocity field acceleration field )
1 A [ =B)(1-=5%)] ¢ n -
E——V¢—E§ E(rat)—QI 3 2 +E[ﬁx{(n—ﬁ)xﬁ}}
B=VxA B(r,t) =n x E(r,t)
. J
ro(t) position at ¢ where  u = o (tret)
(I‘, t) L u(tret) I.'0 (tret)
2 b= c C
‘ R ,8 — u(tret) _ i;O(tret)
/3 Bc(t — tret) C C
particle path R=r—ro(twet)
- R r_rO(tret)
I'O(tre ) = _
posititon at tret k v = To(tret)]
k=1—n-03

Geometry for calculation of the radiation
field at a point (r,¢) in spacetime.
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“Velocity” Field

e The first term depends only on position and velocity. When the particle moves with
constant velocity it is only this term that contributes to the fields.

(n—B)(1 - 62)]

Evel(ra t) — (q [ KZBRZ

Displacement (of the photon) from the retarded point ro(tret) (point at tret) to the field
point r during the light travel time = nc(t — t.et) -

In the same time, the particle undergoes a displacement Bc(t — tret).

The displacement between the field point and the current position of the particle
1S (n— B)c(t — twet), which 1s the direction of the velocity field.

e Therefore, the *“‘velocity” electric field always points along the line toward the
“current” position of the particle.

e The “velocity” field becomes precisely Coulomb’s law as v < ¢ (8 < 1).
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“Acceleration” Field

The second term (1) falls off as 1/R, (2) 1s proportional to the particle’s acceleration, and (3) 1s
perpendicular to n.

ma(r ) = 1 | == x {(n—B) x B}

E
c L3R
Biaa(r,t) =n X Epq(r, t)

Let’s consider a particle, which originally moved with a constant velocity along the x-axis and
stopped at x =0 at time 7 = 0. At time ¢, the field outside radius ct is radial and points to the
position where the particle would have been if there had been no deceleration, since no
information of the deceleration has yet propagated. On the other hand, the field inside radius ct 1s
“informed” and 1s radially directed to the true position of the particle.

The figure demonstrates how an acceleration

can give rise to a transverse field that
r > ct decreases as 1/R.
The radial thickness of transition zone will be
constant. However, the radius of the zone
N increases as R. Since the total number of flux
L - lines (in xy-plane) is conserved.
z . . Eéx(2mR) = constant
u(t <0) >0 x =0 r=ut T =ct 1
u(t >0) =0 B —

R
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Radiation Power

Power per unit frequency per unit solid angle

dW R2dW 5 =
— — E(w)|?
Jod0 ~ doda ~ elEW)
9
C W
q2 . . 2
= 15, / {n x {(n—3) x B}Fo_?’} e™tdt

Note: the expression in the brackets is evaluated at the retarded time ¢ =t — R(t')/c.

change of variables: ¢ =¢— R(t')/¢, dt = k(¢ )dt' = (1 —n(t') - B())dt

AW q> :

dwdQ ~ Ar2c

/n % {(n — B) x Bhr-2eiwt+R)/) gy

If frol < [r[ =7, (1) R(t') = |r —ro(t')| = [(x — x0) - (r —x0)]"/?

1/2
1/2 2(r-rg) 1l
= [ =2+ o] = [1 - 2R 1D
r-Ip
Nr(l— 7“2)
r —ry r
—r—n-rg — n= ~ —

r — g T

(2) k(t')=1-—n(t")-B(t') ~1—n-B(t") where n is independent of ¢'.
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3 w(t'+R(t")/c) _ jiwr/c iw(t' —n-ro(t")/c) iwr/c| _
(3) e e e , e =1 —

2

2 . . / /
aw ~ 4 /n > {(n _ /8) < ,6}/1_26%0(75 —n-ro(t )/C)dt/

k dwdQ ~ 4m2c

We can integrate the above equation by parts to obtain an expression without 4.

How?

We first need to show that: x *n x {(n — 3) xﬁ} — di [/i 'n x (n xﬁ)}
With the rule: / flgdt = fg — / fq'dt

we obtain . .
This term vanishes under the

assumption of a finite wave train.

/Il % {(n . ,8) % B}R—Zeiw(t’—n-ro(t’)/c)dt/
=n X (n X B)m_leiw(t/_n'ro(t/)/c)\iooo — /n x (nx B)r Hiw(l —n- i'o(t’)/c)}eiw(t/_n'ro(t/)/c)dt’
= —iw / nx (nx B)x~ 11 —n. @)t —rrolth/e) gy

= —jw / n x (n x B)ei“(t/_n'ro(t/)/‘:)dt’ — k=1—-n-p

2

dw g’

= This formula will be used later.
dodQ 47r

Jnx (n X ,B)exp{la)(t — n.r(t,)ﬂdt’

C
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* Proof of the relation: . d
I x {(n - B) x B} = — [+ 'nx (n x B)]

note the vector identity: A x (B x C) =B(C-A) - C(A -B)

d _ B dr :

%[/{ 'nx (nxpB)] =k —@nx(nxﬁ)%—fmx(nxﬁ)]
d .

Here, use the relations : k =1 —n - 3, d—: =-—-n-0

s (nx B)] =5 (- B)n x (nx B} +(L—n-B){nx (nx B)
=572 [(n-A){nx nx B)} +nx (nx B) ~ (n-B){nx (nx B}
=572 [ B){n(m-B) - B} +n x (nx B) — (n- B){n(n-B) — B}
=5 % |~(n-B)B+(n-B)B+nx (nxf)]
— k2 :—nX(BXB)JrnX(HXB)}
=720 x {(n—B) x B}
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Radiation from Nonrelativistic Particles

e The previous formulae 1s fully relativistic. However, for the moment, we will discuss

nonrelativistic particles:

U
f=-<1
c

Order of magnitude comparison of the two fields:

E.. .~ q P E. =~ q y Eirad ~ ftu
d ~ " Yo = 1 ~ 7 ~~
e ck3R> 7Y K3R2? Eel 2

If the particle has a characteristic frequency of oscillation v ~ 1/T,then u ~ uv, and the
above equation becomes:

F..q Ruv u R

Eoo T T e

For field points inside the “near zone”, R < ) , the velocity field 1s stronger than the
radiation field by a factor c/u=1/8.

For field points sufficiently far in the “far zone”, R > X\(c/u), the radiation field
dominates.
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Larmor’s Formula

* When 8«1, Erad(r,t):g[ix‘{(n_ﬁ)xm}

c Lk3R

~ [%nx (n x u)}

Biaa(r,t) = n X Epq(r, t)

® Brad n

Note: nx(nxu)=nn-u)—u
nx (nx)}? =(n-u)*+ (1) -2n-0)?
= 4% cos® © + 4* — 2u° cos® O
= 1°(1 — cos* O)
= 4% sin” ©
. |Erad| = |Braa| = % sin ©

 The Poynting vector 1s in direction of n and has a magnitude.

Erad

>

plane of n and u

c c
S= _—_ExB=_—_F*
yeasle 4 red™
2,2
C1 Y Gin2e = av. (erg s *

S = R dtdA

cm™?)




Energy emitted per unit time into solid angle about n:

aW aW
—— =R’>—— =R*S
dtdQ dtdA AP _ ¢ 5
. - = 11
CPd? dQ ~ Ancd
= sin” ©
4med
Total power emitted into all angles:
dW q2u2 9 q2u2 1 )
P=— = [dQ O = 1 —p)d
dt dred o 2¢3 /_1( e )dpe

3c3

2 2 2
[P _ 4 J Larmor’s Formula

. The Power emitted 1s proportional to the square of the charge and the square of the
acceleration.

. Characteristic dipole pattern o sin”© : no radiation is emitted along the direction of
acceleration, and the maximum 1s emitted perpendicular to acceleration.

. The instantaneous direction of E,.q 1s determined by u and n. If the particle accelerates
along a line, the radiation will be 100% linearly polarized in the plane of u and n.
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Dipole Approximation

Consider many particles with positions r;, velocities u;, and charges ¢i(¢ = 1,2,--- N). The
radiation field at large distances can be found by adding together the E,,4 from each particle.

However, the radiation field equations refer to conditions at retarded time, and the retarded times
will differ for each particle. Therefore, we must keep track of the phase relations between the
particles.

There are situations in which it is possible to ignore this difficulty:

Let L = typical size of the system
T = typical time scale for variations within the system

If 7> L/c (light-travel-time), the differences in retarded time across the source are negligible.

Note that 7 can represent the time scale over which significant changes in the radiation field,
and this in turn determines typical characteristic frequency of the emitted radiation.

The above condition is equivalent to the condition for the characteristic frequency (or

characteristic wavelength) : 1 c

C
Ve — <K — or A= —> L
T L %

Therefore, the differences in retarded times can be ignored when the system size 1s smaller than
the characteristic wavelength.

We may also characterize 7 as the time a particle takes to change its motion substantially.

Let [ be a characteristic scale of the particle’s orbit and u be a typical velocity,then 7 ~ [/u .
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The above condition 7 > L/c then imply
u/c=1/(tc) <1/L

But since [ < L , this 1s simply equivalent to the nonrelativistic condition:

u<Kc

With the above conditions met we can write:
¢;i n X (n x ;)
— (2 R;

1

Erad —

Let Rop be the distance from some point in the system to the field point.

Rfi:RO—l-li%RoaSRo—)OO

Then, we have ( N
’ Il nx(nx)  ¢u;)
Era — :
d 62 RO

~ nXx (nx d)

N 62R0
where the dipole moment .

g d=Y g
\_ g Y,

Note that the right-hand side of the above equations must still be evaluated at a retarded time, but
using any point within the region, say, R, .




* Dipole approximation:

dP  d2 2d2
d—Q = A 3 SiHQ @, P=—
TC

3c3 :
The instantaneous polarization of E lines in the plane of d and n.

“rad

dQ

 Power spectrum of radiation in the dipole approximation:

For simplicity we assume that d always lies 1n a single direction.

E(t) :d'(t)sm@ d(t) = /OO e Wtd(w)dw

CQRQ’ — 50 ©
d(t) = — w?e”"d(w)dw >d
Bw) L 2d(w)sin©
W) = — w?d(w) sin
C2R0
dW 1 - .
aw 5 AW dwd) ~ 3 W' ld(w)[ sin” ©
dwd a7 dW  8rw* - |5
7= 33 4wl

Note the w* o« A™* dependence.

the spectrum of the emitted radiation is related directly to the frequencies of oscillation of
the dipole moment. However, this property is not true for relativistic particles.
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Multipole Expansion

Vector potential:

/d3 ’/dt"‘]r_r/‘ (' —t+|r—1'|/c)

Consider a Fourier analysis of the sources and fields:

jut) = [ i)
1 R
A, (r) = /A Jeiwtdt — —/d%’/dt’/dt]‘ﬁr_’ r,)| et —t+ |r — r'|/c)
3 JI‘ t, @w’ iwlr—r’|/c

_ 3¢ Jo(r') piklr—r'| — k=uw/c Note this equation relate single Fourier
o ! — .
c Ir — 1’| components of source and potential.

Let’s choose an origin of coordinates inside the source of size L. At field points such that » < L.

N2

Pt =[r—r) (r—r

2(r-r') r? 1/2

= [7“2—2(1“1‘,)4—7“/2}1/2:7’ [1—

~ r-r

/
=7r—n-r — n

]
il
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The Fourier component becomes:
Aw (I‘) ~ (eikr/CT) /jw(r/)e—ikn-r’d3r/

The factor exp(ikr) outside the integral expresses the effect of retardation from the source as a
whole. The factor exp(—ikn -r’) inside the integral expresses the relative retardation of each
element of the source.

In our slow-motion approximation, kL = 27L/)\ < 1. Expanding the exponential in the integral:

eikr . O (_an ) r/)n
Au) = [l 3
n=0 |

Dipole approximation results from taking just the first term (n = 0):

6751{:7“ 5
Aw(r)|dipole — /jw(r/)d r'
Ccr
Quadrupole term is the second term:

_Z'k.eikr

A (1) quat = [l

cr
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